
COMPACTNESS

In these notes we discuss compactness in metric spaces. We use the standard
metrics on Euclidean spaces unless otherwise stated [d((x1; x2; ::; xd); (y1; y2; ::; yd)) =qX

jxi � yij2 ]. A set A in a metric space (X; d) is compact if every open cover
of A has a �nite subcover, i.e. if A is contained in the union of a collection of
open sets then it is also contained in the union of a �nite sub-collection of those
open sets. The de�nition makes sense in any topological space but we will, for
the most part, restrict ourselves to metric spaces.
Any �nite set is compact. A simple example of an in�nite set that is compact

is f0; 1; 1=2; 1=3; :::g in R: If xn ! x in a metric space then fx; x1; x2; :::g is
compact. This is easily proved by noting that x must be in one of the open sets
in the covering and xn must be in this open set for n su¢ ciently large.
Compact sets are closed: if A is compact and y =2 A then each x 2 A has

a neighbourhood B(x; �x) disjoint from the neighbourhood B(y; �x) of y where
�x = d(x; y)=2: The open balls B(x; �x) form an open cover of A and there is
a �nite subcover B(xi; �xi); 1 � i � k: Now if � = minf�xi : 1 � i � kg then
B(y; �) is disjoint from A proving that Ac is open.
Compact sets are bounded (a set is bounded if it is contained in an open

disk) : they are covered by a �nite number of open balls of radius 1 and if these
balls are B(xi; 1)1 � i � k then the given compact set is contained in B(x1;�)
where � > 1 + maxfd(x1; xi) : 1 � i � kg: We will see later that a closed and
bounded set in a metric space need not be compact, but in Euclidean spaces a
set is compact if and only if it is closed and bounded.
Theorem
In R a set is compact if and only if it is closed and bounded.
Proof: we �rst prove that the interval [a; b] in R is compact if �1 < a < b <

1: Since any open set in R is a countable disjoint union of open intervals it is
enough to show that if [a; b] is covered by a sequence of open intervals (ai; bi); i =
1; 2; ::: then it is covered by a �nite number of these intervals. Consider � =
supft 2 [a; b] : [a; t] can be covered by a �nite number of intervals from the
collection f(ai; bi) : i = 1; 2; :::gg. Note that a is a member of the set here and
our aim is to show that � = b: If possible, let � < b: Then � 2 (aj ; bj) for some
j. Since aj < � we can cover [a; aj ] by a �nite number (say k) of intervals from
the collection. Obviously, [a; aj) can be covered by (k + 1) intervals from our
collection. This is a contradiction to the de�nition of �. Hence � must be b and
the proof is complete.
Now if A is closed and bounded then it is conatined in [a; b] for some a; b

with �1 < a < b <1: It is a trivial matter to check that a closed subset of a
compact set is compact. Hence A is compact.
Sequential compactness: we say that A is sequentially compact if every se-

quence in A has a convergent subsequence with its limit in A. A metric space
is called separable if there is a countable subset that is dense.
Proposition
If A is sequentially compact then it is separable.
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Proof: let n be a positive integer and consider the collection of all �nite
subsets F of A such that the distance between any two points of F is at least
1=n:We claim that there is a maximal �nite set with this property. If not, start
with two points with distance at least 1=n and keep adding points to get an
in�nite set fang � A such that d(ak; al) � 1=n whenever k 6= l. The sequence
fang cannot have a convergent subsequence. [Why?]. This proves that there is
a maximal set Fn such that the distance between any two points of Fn is at least
1=n: Let S = [Fn: Then S is atmost countable. We prove that this set is dense
in A. If this set is not dense then there is an open ball B(a; �) in A disjoint
from S: Let 1=n < � and consider Fn [ fag: This contradicts the maximality of
Fn and the proof of the proposition is complete.
Proposition
If A is a separable subset of a metric space then every open cover of A has

a countable subcover.
Proof: we shall show that in a separable metric space any union of open sets

can be expressed as the union of some countable sub-collection. The proposition
follows easily from this. Let fVig be any collection of open sets. Let fa1; a2; :::g
be dense in X. If x 2 X then x 2 Vi for some i and we can �nd an integer k
such that B(x; 1=k) � Vi. There is an integer m such that am 2 B(x; 1=2k):
We have x 2 B(am; 1=2k) � B(x; 1=k) � Vi : Now consider the collection of
all balls B(am; 1=2k) obatined this way: Their union is clearly the same as the
union of the V 0i s and since each one of them is contained in some Vi it follows
that

[
Vi =

[
Vin = Vin for some sequence fing:

Theorem
Any sequentially compact metric space is compact.
Proof: let (X; d) be sequentially compact and consider any open cover of

X. By the two propositions above there is a countable subcover of the given
cover, say fV1; V2; :::g. We now go on to show there is actually a �nite subcover.
We prove this by contradiction. If there is no �nite subcover then for each n
X * V1 [ V2 [ ::: [ Vn so there is an element xn in XnV1 [ V2 [ ::: [ Vn: By
hypothesis fxng has a subsequence fxnkg converging to some point x. This
point x must be in some Vm and xnk must belong to Vm for k su¢ ciently large.
But xnk =2 Vm if m � nk. This is a contradiction.
Theorem
A compact metric space is seqeuntially compact.
Proof: let (X; d) be a compact metric space and let fxng � X. Assume that

no subseqeunce of fxng is convergent. If x 2 X then there is a positive number
�x such that B(x; �x) contains xn for at most �nitely many n.The balls B(x; �x)
cover X. Let B(x(i); �x(i)); 1 � i � k be a �nite subcover. Then xn can belong
to
[
B(x(i); �x(i)) for at most �nitely amny n. This is a contradiction because

this union is all of X!:
Theorem
Let X1; X2; :::; Xn be compact metric spaces and X = X1 � X2 � ::: � Xn

with the metric
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d((x1; x2; :::; xn); (y1; y2; :::; yn)) =

vuut nX
i=1

[d(xi; yi)]2: Then (X; d) is a com-

pact metric space.
Proof: we leave it it the reader to show that (X; d) is a metric space. Given

a sequence in X we �rst extract a subsequence of the �rst coordinated that
converges in X1; then a subsequence of the �rst subseqeunce so that the second
coordinates converge, etc. We end up with a subsequence along which each of
the coordinates converges. This implies convergencs in the metric d.
Corollary
[a1; b1]� [a2; b2]� :::� [ad; bd] is compact in Rd.
Theorem [Heine-Borel Theorem]
A subset of Rd is compact if and only if it is closed and bounded.
Proof: in any metric space a compact set is closed and bouded. Let A

be closed and bounded in Rd: Then we can �nd real numbers ai; bi such that
ai < bi8i and A � [a1; b1] � [a2; b2] � ::: � [ad; bd]: Since a closed subset of a
compact set is compact [Why?] we see that A is compact.
Example: let X = C[0; 1]; the set of all continuous maps from [0; 1]! R and

de�ne d(f; g) = supfjf(x)� g(x)j : 0 � x � 1g for f; g 2 X. Let A = ff0; f1; :::g
where fn(x) = xn; 0 � x � 1: Then A is closed and bounded but not compact.
In fact, no subsequence of ffng has a convergent subsequence and this implies
that the set is closed and non-compact. It is bounded because it is conatined
in B(f; 2) where f(x) = 08x:
Example: we give an interesting example of a metric space in which closed

bounded sets are compact. Let X be the space of all sequences of real numbers

with the metric d(fang; fbng) =
1X
n=1

1
2n

jan�bnj
1+jan�bnj . The fact that d is a metric

follows from the inequality a+b
1+a+b �

a
1+a+

b
1+b valid for a; b 2 [0;1): The reader

can verify that convergence in this space is equivalent to convergence of each
coordinate. If A is closed and bounded and if we are given a sequence in A
then each coordinate of this sequence is a bounded sequence of real numbers
and it has a convergent subsequence. By a diagonal procedure we can �nd one
subsequence of the original sequence such that each of its coordinates conveges.
This implies convergence in X (and the limit belongs to A because A is closed)
so A is equentially compact. We invite the reader to show that (X; d) is a
complete and separable metric space.
De�nition: a subset A of a metric space (X; d) is totally bounded if for every

� > 0 we cover A by a �nite number of open balls of radius �:
Theorem
A metric space is compact if and only if it is complete and totally bounded.
Proof: let (X; d) be complete and totally bounded. Let fxng be any sequence

in X. For each positive integer k cover X by open balls B(x(k)i ; 1=k); 1 � i � ik
of radius 1=k. One of the balls B(x(1)i ; 1); 1 � i � i1 contains in�nitely many
x0ns. Among these, in�nitely amny must be in one of the balls B(x

(2)
i ; 1); 1 � i �

i2 and so on. By a diagonal procedure we get a subsequence fxnjg of fxng such
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that the diameter of fxnl ; xnl+1 ; xnl+2 ; :::g does not exceed 2=l. This subsequence
is clearly a Cauchy sequence. In view of the fact that X is complete it must
converge. We have proved that X is sequentially compact and this implies it is
compact.
Conversely, let X be compact. Completeness is easy: any Cauchy sequence

has a convergent subsequence (by sequential compactness) and the whole se-
quence converges [Why?]. Suppose X is not totally bounded. Then 9� > 0
such that X cannot be covered by a �nite number of open balls of radius �:
Let x1 2 X: Then X 6= B(x1; �) so there is an element x2 2 XnB(x1; �): Now
X 6= B(x1; �) [ B(x1; �) so there exists x3 2 XnfB(x1; �) [ B(x2; �)g. Proceed-
ing thus we get a seuqnce fxng such that d(xn; xm) � � whenever n 6= m: This
sequence has no subsequence that is convergent, contradicting the hypothesis.
Lebesgue number: consider an open cover fVig for a metric space (X; d):

If there is a positive number � such that every set with diameter less than �
is conatined in some Vi then � is called a Lebesgue number for the given open
cover.
Theorem
In a compact metric space every open cover has a Lebesgue number.

Proof: let fVig be an open cover of a compact metric space (X; d): Let us
agree to call a set big if it is not conatined in any Vi: If our open cover has no
Lebesgue number then for each positive integer n; there is a big set Bn such that
Bn its diameter does not exceed 1=n: Let xn 2 Bn8n and choose a subsequence
fxnkg converging to some x. Now x 2 Vi for some i and B(x; �) � Vi for
some � > 0. Now xnk 2 B(x; �=2) for in�nitely many k: Let 1=k < �=2 and
xnk 2 B(x; �=2): Then Bk � B(x; �) � Vi: [The �rst inclusion holds because
xnk 2 Bnk \ B(x; �=2) and the diameter of Bnk is less than �=2]. But Bk is a
big set so this is a contradiction.
Exercise
A metric space has Bolzano_Weierstrass property if every in�nite subset

has a limit point. Prove that a metric space has Bolzano_Weierstrass property
if and only if it is compact.

Exercise
In a complete metric space prove that a set is relatively compact (i.e. its

closre is compact) if and only if it is totally bounded.
Theorem
On a compact metric space every continuous real valued function is bounded

and uniformly continuous
Proof: let (X; d) be compact and f : X ! R be continuous. if ff(xn)g

converges to 1 or �1 then some subsequence fxnkg converges and so does
ff(xnk)g: This is a contradiction. Hence f is bounded. If f is not uniformly
continuous then there exists � > 0 such that for each n we can �nd xn and
yn with d(xn; yn) < 1=n but jf(xn)� f(yn)j � �: Some subsequence fxnkg
converges, say to x and since d(xn; yn) < 1=n we see that fynkg also converges
to x: But then jf(xnk)� f(ynk)j ! 0 which is a contradiction.
Theorem
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On a compact metric space every continuous function attains its maximum
and in�mum.
Proof: let (X; d) be compact and f : X ! R be continuous. Then there

is a sequence fxng such that f(xn) ! supff(x) : x 2 Xg. Now fxng has
a convergent subsequence fxnkg say with limit x and f(x) = lim f(xnk) =
supff(x) : x 2 Xg: Similarly, f attains its minimum value also.

Theorem [Tietze Extension Theorem]
Any real valued continuous function de�ned on a closed subset of a metric

space can be extended to a continuous function on the whole space without
increasing the supremum of jf j :
Further, any continuous function de�ned on a closed subset of a metric space

with values in a closed or open interval can be extended to a continuous function
on the whole space with values in the same interval.
Proof: we �rst prove that if f : C ! [a; b] is continuous and C is a

closed subset of X then there is a continuous function F : X ! [a; b] such
that F (x) = f(x)8x 2 C:. There is no loss of generality in assuming that
[a; b] = [�1; 1]. ( 2(f(x)�a)b�a � 1 takes values in [�1; 1] and if G extends this
function then a + (b � a)=2(G + 1) is the desired extension). Let f0 = f and
A0 = fx 2 C : f0(x) � �1=3g; B0 = fx 2 C : f0(x) � 1=3g: These are
disjoint closed sets. Let g0(x) = 2

3
d(x;A0)

d(x;A0)+d(x;B0)
� 1

3 : Then g0 is a continu-
ous function from X with values in [�1=3; 1=3] and it has the constant val-
ues 1=3 and �1=3 on B0 and A0 respectively. Let f1 = f0 � g0 on C. Note
that jf1j � 2=3 on A0; on B0 and on Cn(A0 [ B0)c; hence on C. Now let
A1 = fx 2 C : f1(x) � �(1=3)(2=3)g; B1 = fx 2 C : f1(x) � (1=3)(2=3)g; g1 :
X ! [�(1=3)(2=3); (1=3)(2=3)] be a continuous function which is �(1=3)(2=3)
on A1 and (1=3)(2=3) on B1: Let f2 = f1 � g1 = f0 � g0 � g1: We can verify
that f2 takes values in [�(2=3)2; (2=3)2]Proceeding like this we get continu-
ous functions gn : X ! [�(1=3)(2=3)n; (1=3)(2=3)n] and continuous functions
fn : C ! [�(2=3)n; (2=3)n] such that fn = f0 � g0 � g1 � ::: � gn�1 on C. Let

F =

1X
n=0

gn: The series is uniformly convergent and hence F is continuous on

X. On C; F = f0 = f because f0 � g0 � g1 � :::� gn�1 = fn ! 0:
We next consider the case when the range is an open interval (a; b): The

extended function F may take the values a and b: Let A = fx 2 X : F (x) = a
or x = bg:We �rst assume that b > 0 and a = �b: The sets C and F�1fa; bg are
disjoint closed sets and hence there is a continuous function h : X ! [0; 1] such
that h = 1 on C and h = 0 on F�1fa; bg: It is readily seen that hF extends f
and has values in (a; b): As usual we can use an a¢ ne transformation to handle
the case of a general open interval (a; b):
Since R is hoemomorphic to (0; 1) the result holds for an R valued function

f:
Exercise
Prove or disprove the following for a metric space (X; d) :
a) if every continuous function from X ! R is bounded then X is compact
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b)if every bounded continuous function from X ! R is attains its maximum
and minimum then X is compact
c) if every continuous function from X ! R is uniformly continuous then X

is compact
[ a) and b) : True, c): False].

THEOREMS OF ARZELA-ASCOLI AND DINI

Here we prove two theorems involving compactness. The �rst result charc-
terizes compactness in the space C[0; 1] of continuous complex functions on [0; 1]
with the �supremum metric�, viz., the metric d(f; g) = supfjf(x)� g(x)j : 0 �
x � 1g:

Theorem [Arzela-Ascoli]
A set A � C[0; 1] is relatively compact if and only if the following two

conditions are satis�ed:
1) supfjf(x)j : f 2 A; 0 � x � 1g <1
2) given � > 0 we can �nd � > 0 such that jf(x)� f(y)j < �8f 2 A whenever

jx� yj < �:
Remarks: compactness of A is chracterized by 1), 2) and the condition that

A is closed in C[0; 1]:

1) is equivalent to the condition that A is bounded (i.e. it is conatined in
some open ball).
If 2) holds we say that A is equi-cintinuous. For a set to be compact in C[0; 1]

it has to be closed, bounded and equi-continuous. An example of a subset of
C[0; 1] which is closed and bounded but not compact is A = ffn : n � 1g where
fn(x) = xn; 0 � x � 1; n � 1: It is closed because no subsequence of ffng
converges in C[0; 1] and it is not compact for the same reason!
Proof: Let A be relatively compact. Then it is totally bounded. Let � > 0.

Cover A by a �nite number of open balls, say, B(fj ; �); 1 � j � N of radius �:
Let M a positive number be so large that
jfj(x)j � M for 0 � x � 1 and 1 � j � N: Then f 2 A ) f 2 B(fj ; �) for

some j ) jf(x)j � jf(x)� fj(x)j+ jfj(x)j < �+M for 0 � x � 1: This proves
1). Also, jf(x)� f(y)j � jf(x)� fj(x)j + jf(y)� fj(y)j + jfj(x)� fj(y)j <
2� + jfj(x)� fj(y)j : It is now easy to complete the proof of 2) using the fact
that each of the functions fj ; 1 � j � N is uniformly continuous.
We now assume that 1) and 2) hold. To prove that A is realtively compact it

su¢ ces to show that it is totally bounded. Let � > 0. Let P = fti : 0 � i � kg
be a partiiton of [0; 1] with ti � ti�1 < �8i: Consider the map � : C[0; 1] !
Ck+1 de�ned by �(f) = (f(t0); f(t1); :::; f(tk)): This is a continuous map and
its range is contained in f(z0; z1; :::; zk) 2 Ck+1 : jzj j � M8jg where M =
supfjf(x)j : f 2 A; 0 � x � 1g: By compactness of this last set we can �nd a
�nite number of points (z(l)0 ; z

(l)
1 ; :::; z

(l)
k ); 1 � l � L in this range such that any

point in the range of � is at distance atmost � from one of these. If f 2 A then����(f)� (z(l)0 ; z(l)1 ; :::; z(l)k )��� < � for some l = l0: Thus,
���f(tj)� z(l0)j

��� < �8j: We
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can assume that each of the points (z(l)0 ; z
(l)
1 ; :::; z

(l)
k ) is in the range of � and

this means we can �nd functions fl; 1 � l � L in A such that z(l)j = fl(tj)8j; l.
Thus, l. Together with condition 2) this gives jf(t)� fl0(t)j < 3�8t: We have
proved that f 2 B(fl0 ; 3�): The balls B(fl; 3�); 1 � l � L cover A proving that
A is totally bounded.
Theorem [Dini]
Let ffng be a non-increasing sequence of continuous real valued functions

on a compact metric space (X; d) converging poitwise to a continuous function
f: Then fn ! f uniformly on X:

Proof: let � > 0: Since X =
1[
n=1

fx : f(x) > fn(x) � �g we can �nd N such

that X =
N[
n=1

fx : f(x) > fn(x)� �g = fx : f(x) > fN (x)� �g (the last equality

is by monotonicity of the sequence ffn(x)g for each x: Now, f(x) > fN (x)�� >
fn(x)� �8n � N and f(x) � fn(x)8x8n so the proof is complete.
Counterexamples: let fn(x) = xn; 0 � x � 1; n = 1; 2; :::. Then ffng

decreases pointwise to a discontinuous function and hence the convergence is
not uniform. This examples shows that continuity of f is essential in Dini�s
Theorem. Now let gn(x) = x=n; x � 0; n = 1; 2; :::. This sequence decreases non-
uniformly to a continuous function showing that compactness of the metric space
is essential in Dini�s Theorem. Finally let fn(x) = 0 if x 2 [0; 1=2�1=n][ [1=2+
1=n; 1]; nx+1�n=2 on [1=2�1=n; 1=2];�nx+1+n=2 on [1=2; 1=2+1=n]: This
is a sequence of continuous functions converging non-uniformly to a continuous
function on a compact metric space. Thus monotonicity of the sequence ffng
is essential in Dini�s Theorem.
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